Abstract. The classification of reflective modular forms is an important problem in the theory of automorphic forms on orthogonal groups. In this paper, we develop an approach based on the theory of Jacobi forms to give a full classification of 2-reflective modular forms. We prove that there are only 3 lattices of signature (2, n) having 2-reflective modular forms when n ≥ 14. We show that there are exactly 51 lattices of type 2U ⊕ L(−1) which admit 2-reflective modular forms and satisfy that L has 2-roots. We further determine all 2-reflective modular forms giving arithmetic hyperbolic 2-reflection groups. This is the first attempt to classify reflective modular forms on lattices of arbitrary level.
Introduction
A reflective modular form is a holomorphic modular form on an orthogonal group of signature (2, n) whose divisor is a union of rational quadratic divisors associated to roots of the lattice. The 2-reflective modular forms are the simplest reflective modular forms whose divisor are determined by vectors of norm −2, and they have the geometric interpretation as automorphic discriminants of moduli of K3 surfaces (see [Nik96, BKPS98, GN17] ). Reflective modular forms are usually Borcherds products of some vector-valued modular forms (see [Bru02, Bru14] ). The Igusa form ∆ 10 , namely, the first cusp form for the Siegel modular group of genus 2, is the first reflective modular form (see [GN97] ). The Borcherds form Φ 12 for II 2,26 , i.e., the even unimodular lattice of signature (2, 26), is the last reflective modular form (see [Bor95] ).
Reflective modular forms are of great importance. Such modular forms play a vital role in classifying interesting Lorentzian Kac-Moody algebras, as their denominator identities are usually reflective modular forms (see [GN98a, GN98b, GN02, GN18, Sch04, Sch06, Bar03] ). This type of modular forms also has applications in algebraic geometry, as the existence of a particular reflective modular form determines the Kodaira dimension of the corresponding modular variety (see [GHS07, GH14, Ma18] ). In addition, reflective modular forms are beneficial to the research of hyperbolic reflection groups and hyperbolic reflective lattices (see [Bor00, Bar03] ), as the existence of a reflective modular form with a Weyl vector of positive norm implies that the hyperbolic lattice is reflective (see [Bor98] ). This means that the subgroup generated by reflections has finite index in the integral orthogonal group of the lattice. Recently, as joint work with Gritsenko, we use the pull-backs of certain reflective modular forms of singular weight to build infinite families of remarkable Siegel paramodular forms of weights 2 and 3 (see [GW17, GW18, GW19] ). Besides, the first Fourier-Jacobi coefficients of reflective modular forms give interesting holomorphic Jacobi forms as theta blocks (see [GSZ18, Gri18] ).
The classification of reflective modular forms is an open problem since 1998 when Gritsenko and Nikulin first conjectured that the number of lattices having reflective modular forms is finite up to scaling in [GN98a] . In the past two decades, some progress has been made on this problem. Borcherds [Bor00] constructed many interesting reflective modular forms related to extraodinary hyperbolic groups as Borcherds products of nearly holomorphic modular forms on congruence subgroups. Gritsenko and Nikulin [GN02] classified reflective modular forms of signature (2, 3) by means of the classification of hyperbolic reflective lattices. Scheithauer classified some special reflective modular forms with norm 0 Weyl vectors. More precisely, based on the theory of vector-valued modular forms, he found a necessary condition for the existence of a reflective form in [Sch06] . Using this condition, the classification of strongly reflective modular forms of singular weight (i.e. minimal weight n/2 − 1) on lattices of squarefree level is almost completed (see [Sch06, Sch17, Dit18] ). From an algebraic geometry approach, Ma derived finiteness of lattices admitting 2-reflective modular forms and reflective modular forms of bounded vanishing order, which proved partly the conjecture of Gritsenko and Nikulin (see [Ma17, Ma18] ).
Scheithauer's condition is very hard to use when the lattice is not of squarefree level because in this case the Fourier coefficients of vector-valued Eisenstein series are very complicated and it is difficult to characterize the discriminant form of the lattice. Ma's approach is ineffective to give the list of reflective lattices because his estimate is rather rough. There is no effective way to classify reflective modular forms on general lattices. The purpose of this paper is to give an ingenious way to classify 2-reflective modular forms on lattices of arbitrary level.
Our method is based on the theory of Jacobi forms of lattice index (see [EZ85, CG13] ). We know from [Bru14] that every reflective modular form on a lattice of type U ⊕ U (m) ⊕ L is in fact a Borcherds product of a suitable vector-valued modular form. Thus the existence of a reflective modular form is determined by the existence of a certain vector-valued modular form. In view of the isomorphism between vector-valued modular forms and Jacobi forms, we can use Jacobi forms to study reflective modular forms. In some sense, Jacobi forms are more powerful than vectorvalued modular forms. We can take the product and tensor product of different Jacobi forms. We can also consider pull-backs of Jacobi forms from a certain lattice to its sublattices. There are the Hecke type operators to raise the index of Jacobi forms and the differential operators to raise the weight of Jacobi forms. The structure of the space of Jacobi forms for some familiar lattices was known (see [Wir92] for the case of root systems). Besides, we usually focus on the genus of a lattice when we use vector-valued modular forms. But we will see all the faces of a reflective modular form when we work with Jacobi forms, because there are different Jacobi forms on the expansions of an orthogonal modular form at different one-dimensional cusps. For example, the Borcherds modular form Φ 12 is constructed as the Borcherds product of the inverse of Ramanujan Delta function ∆ −1 (τ ) = q −1 + 24 + O(q). But in the context of Jacobi forms, there are 24 different constructions of this modular form corresponding to 24 classes of positive-definite even unimodular lattices of rank 24 (see [Gri18] ).
In our previous work [Wan18] , we proved the nonexistence of 2-reflective and reflective modular forms on lattices of large rank by constructing certain holomorphic Jacobi forms of small weights using differential operators. In particular, we showed that the only 2-reflective lattices of signature (2, n) satisfying n ≥ 15 and n = 19 are II 2,18 and II 2,26 . Here, a lattice having a 2-reflective modular form is called 2-reflective. In this paper, we prove the following stronger result. Theorem 1.1. Let M be a 2-reflective lattice of signature (2, n) with n ≥ 14. Then it is isomorphic to II 2,18 , or 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1), or II 2,26 .
We have mentioned that there is a relation between hyperbolic 2-reflective lattices and 2-reflective modular forms. The full classification of hyperbolic 2-reflective lattices was known due to the work of Nikulin and Vinberg [Nik81, Nik84, Vin07] . Vinberg [Vin72] proved that if U ⊕ L(−1) is a hyperbolic 2-reflective lattice then the set of 2-roots of each lattice in the genus of L generates the whole space L ⊗ R. In this paper, we prove an analogue of Vinberg's result (see Theorem 6.2) and use it to give a complete classification of 2-reflective lattices. Theorem 1.2. There are only three types of 2-reflective lattices containing two hyperbolic planes:
(a) II 2,26 ; (b) 2U ⊕ L(−1) : every lattice in the genus of L has no 2-root. In this case, every 2-reflective modular form has a Weyl vector of norm zero and has weight 12β 0 , where β 0 is the multiplicity of the principal Heegner divisor H 0 defined by (6.1); (c) 2U ⊕ L(−1) : every lattice in the genus of L has 2-roots and the 2-roots generate a sublattice of the same rank as L. In this case, L is in the genus of one of the following 50 lattices
The Jacobi form φ 0,L has two types of singular Fourier coefficients with hyperbolic norms −2 and −1/2 respectively. We observe that all Fourier coefficients in q −1 and q 0 terms of φ 0,L are singular except the constant term f (0, 0) giving the weight of F . The excellent thing is that the coefficients in q n -terms (n ≤ 0) of any Jacobi form of weight 0 satisfy the following relations (see Lemma 4.3)
From the first identity, we deduce a formula to express the weight of F in terms of the multiplicities of the irreducible components of the divisor of F . From the second identity, we derive that if L has 2-roots then the set of all 2-roots spans the whole space L ⊗ R. Moreover, all irreducible root components not of type A 1 have the same Coxeter number (see Theorem 6.2). By virtue of these results, we only need to consider a finite number of lattices. Furthermore, the q 0 -term of F also defines a holomorphic Jacobi form as a theta block (see (4.6)). From its holomorphicity, we also deduce a necessary condition. The 2-reflective modular forms for lattices listed in assertion (c) can be constructed as quasi pull-backs of the Borcherds modular form Φ 12 (see §5). For other lattices, the quasi pull-backs of Φ 12 are not exactly 2-reflective modular forms and usually have additional divisors. But it is not bad. By considering the difference between the pull-back and the assumed 2-reflective modular form, we construct some Jacobi forms whose nonexistence can be proved by the structure of the space of Jacobi forms. Combining these arguments together, the theorems can be proved. The paper is organized as follows. In §2 we recall the necessary material on lattices and discriminant forms. In §3 we give the definitions of reflective modular forms. In §4 we introduce the theory of Jacobi forms of lattice index. In §5 we show how to use quasi pull-backs of the Borcherds modular form Φ 12 to construct reflective modular forms. §6 is the heart of this paper. We prove the main theorems and some other classification results. In §7 we consider the automorphic corrections of hyperbolic 2-reflective lattices. In §8 we prove that the lattice related to the moduli space of polarized K3 surfaces 2U ⊕ 2E 8 (−1) ⊕ −2n is reflective if and only if n = 1, 2 (see Theorem 8.1). This gives a generalization of one result in [Loo03] . In §9 we answer some questions proposed in [Wan18] and formulate many new open questions related to this paper.
Lattices and discriminant forms
In this section we recall some basic results on lattices and discriminant forms. The main references for this material are [Bou60, Ebe02, Nik80, SC98] .
Let M be an even lattice with the non-degenerate symmetric bilinear form (·, ·) and the associated quadratic form Q(x) = (x, x)/2. Let M ∨ denote the dual lattice of M and rank(M ) denote the rank of M . For every a ∈ Z\{0}, the lattice obtained by rescaling M with a is denoted by M (a). It is endowed with the quadratic form a · Q instead of Q. The level of M is the smallest positive
satisfying Qx ∩ M = Zx, then it is called primitive. For any non-zero x ∈ M the divisor of x is the natural number div(x) defined by (x, M ) = div(x)Z. Remark that x/ div(x) ia a primitive element in M ∨ . An embedding M 1 ֒→ M 2 of even lattices is called primitive if M 2 /M 1 is a free Z-module. A given embedding M ֒→ M 1 of even lattices, for which M 1 /M is a finite abelian group, is called an even overlattice of M .
A finite abelian group D with a non-degenerate quadratic form D → Q/Z, γ → γ 2 /2 is called a discriminant form. Obviously, the discriminant group
There is a one-to-one correspondence between even overlattices of M and isotropic subgroups of D(M ). On the one hand, if M 1 is an even overlattice of M , then M 1 /M is an isotropic subgroup of D(M ). On the other hand, if G is an isotropic subgroup of D(M ), then the lattice generated by G over M is an even overlattice of M .
A suitable notion to classify even lattices is that of genus. The genus of a lattice M is the set of lattices M ′ of the same signature as M such that M ⊗ Z p ∼ = M ′ ⊗ Z p for every prime number p. By [Nik80] , two even lattices of the same signature are in the same genus if and only if their discriminant forms are isomorphic. Thus we here use the following equivalent definition of genus. Let M be an even lattice of signature (r, s) with discriminant form D. The genus of M , which is denoted by II r,s (D), is the set of all even lattices of signature (r, s) whose discriminant form is isomorphic to D. A discriminant form can decompose into a sum of indecomposable Jordan components (see [SC98] , [Ber00] , or [Sch06] for details). We denote the even unimodular lattice of signature (2, n) by II 2,n . We state the following theorems proved in [Nik80] , which tell us when a given genus is non-empty and when a given genus contains only one lattice up to isomorphism. Let U be a hyperbolic plane i.e. U = Ze + Zf with (e, e) = (f, f ) = 0 and (e, f ) = 1. The lattice U is an even unimodular lattice of signature (1, 1). As a consequence of Theorems 2.1 and 2.2, we prove the following criterion.
Lemma 2.3. Let M be an even lattice of signature (n, 2) with n ≥ 3. If the minimum number of generators of D(M ) satisfies n − 2 > l(D(M )), then there exists a positive-definite even lattice L such that M = 2U ⊕ L.
Proof. By Theorem 2.1, there exists a positive-definite even lattice L of rank n − 2 whose discriminant form is isomorphic to D(M ). By Theorem 2.2, the lattice 2U ⊕ L is isomorphic to M . The proof is completed.
At the end of this section, we recall some basic facts on root lattices following [Ebe02] . Let L be an even lattice in R N . An element r ∈ L is called a 2-root if (r, r) = 2. The set of all 2-roots is denoted by R L . The lattice L is called a root lattice if L is generated by R L . Every root lattice can be written as an orthogonal direct sum of the irreducible root lattices of types A n (n ≥ 1), D n (n ≥ 4), E 6 , E 7 , and E 8 . For a root lattice L of rank n, the number h = |R L |/n is called the Coxeter number of L. The Coxeter numbers of the irreducible root lattices are listed in Table 1 . Proposition 2.4. Let L ⊂ R n be an irreducible root lattice. Then for any x ∈ R n we have
r. We know from [Ebe02, Lemma 1.16] that the norm of Weyl vector of an irreducible root lattice is given by ρ 2 = 1 12 h(h + 1) rank(L).
Reflective modular forms
In this section we introduce the definition and some basic properties of reflective modular forms. Let M be an even integral lattice of signature (2, n) with n ≥ 3. Its associated Hermitian symmetric domain of type IV has two connected components and we fix one of them as follows 
A modular form is called a cusp form if it vanishes at every cusp (i.e., a boundary component of the Baily-Borel compactification of the modular variety Γ\D(M )).
Remark that the holomorphic modular form F either has weight 0 in which case it is constant, or has weight at least n/2 − 1. The minimal possible weight n/2 − 1 is called the singular weight.
For any v ∈ M ∨ satisfying (v, v) < 0, the rational quadratic divisor associated to v is defined as
The reflection with respect to the hyperplane defined by an anisotropic vector r is
A primitive vector l ∈ M of negative norm is called reflective if the reflection σ r is in O
as the Heegner divisor of discriminant (λ, m).
Remark that a primitive vector l ∈ M with (l, l) = −2d is reflective if and only if div(l) = 2d or
In particular, when M is of prime level p, a primitive vector l ∈ M is reflective if and only if (l, l) = −2 and div(l) = 1, or (l, l) = −2p and div(l) = p. Therefore 2-reflective modular forms are special reflective modular forms.
As in [Ma17, Lemma 2.2], we can show that if M admits a reflective (resp. 2-reflective) modular form with respect to some Γ < O + (M ) then M also has a reflective (resp. 2-reflective) modular form with respect to any other finite index subgroup Γ ′ < O + (M ). Therefore, throughout this paper, we only consider reflective (resp. 2-reflective) modular forms with respect to O + (M ).
The following lemma is useful to classify 2-reflective lattices. 
Jacobi forms of lattice index
In this section, we briefly introduce the theory of Jacobi forms of lattice index. We refer to [CG13] for more details. Assume that L is an even positive-definite lattice with bilinear form (·, ·) and dual lattice L ∨ . Let M = U ⊕ U 1 ⊕ L(−1), where U = Ze ⊕ Zf and U 1 = Ze 1 ⊕ Zf 1 are two hyperbolic planes. We fix a basis of M of the form (e, e 1 , ..., f 1 , f ), where ... denotes a basis of L(−1). The homogeneous domain D(M ) has a tube realization at the 1-dimensional cusp determined by the isotropic plane e, e 1 :
where (Im Z, Im Z) M = 2 Im τ Im ω −(Im z, Im z). A Jacobi form can be regarded as a modular form with respect to the Jacobi group Γ J (L) which is the parabolic subgroup preserving the isotropic plane e, e 1 and acting trivially on L. The Jacobi group is the semidirect product of SL 2 (Z) with the Heisenberg group H(L) of L. The analytic definition of Jacobi forms is as follows Definition 4.1. Let ϕ : H × (L ⊗ C) → C be a holomorphic function and k ∈ Z. If ϕ satisfies the functional equations
and if ϕ admits a Fourier expansion of the form
where n 0 ∈ Z, q = e 2πiτ and ζ ℓ = e 2πi(ℓ,z) , then ϕ is called a weakly holomorphic Jacobi form of weight k and index L. If ϕ further satisfies the condition (f (n, ℓ) = 0 =⇒ n ≥ 0) then it is called a weak Jacobi form. If ϕ further satisfies the stronger condition (f (n, ℓ) = 0 =⇒ 2n − (ℓ, ℓ) ≥ 0) then it is called a holomorphic Jacobi form. We denote by
the vector spaces of weakly holomorphic, weak, holomorphic Jacobi forms of weight k and index L.
Remark that the Jacobi forms for the lattice A 1 are actually the classical Jacobi forms due to Eichler-Zagier [EZ85] . In the literature, Jacobi forms of weight k and index L(t) are also called Jacobi forms of weight k and index t for the lattice L, where t is a positive integer.
The Fourier coefficient f (n, ℓ) depends only on the number 2n − (ℓ, ℓ) and the class of ℓ modulo L. Besides, f (n, ℓ) = (−1) k f (n, −ℓ). If ϕ is a weak Jacobi form, then its Fourier coefficients satisfy
If ϕ is a weakly holomorphic Jacobi form and n 0 < 0, then ∆ −n 0 ϕ will be a weak Jacobi form. Thus, the above relation implies that the number of nonzero terms of the second sum in (4.1) is finite. The number 2n − (ℓ, ℓ) is called the hyperbolic norm of Fourier coefficient f (n, ℓ). The Fourier coefficients f (n, ℓ) with negative hyperbolic norm are called singular Fourier coefficients, which determine the divisor of Borcherds products. It is clear from the definition that a weakly holomorphic Jacobi form without singular Fourier coefficient is a holomorphic Jacobi form.
We next explain the relation between modular forms for the Weil representation and Jacobi forms. We denote by {e γ : γ ∈ D(L)} the formal basis of the group ring C[D(L)]. Let Mp 2 (Z) be the metaplectic group which is a double cover of SL 2 (Z). The Weil representation of
. Let F be a nearly holomorphic (i.e., holomorphic except at infinity) modular form for ρ D(L) of weight k with Fourier expansion
Recall that the theta-functions for the lattice L are defined as
Then the function
defines a weakly holomorphic Jacobi form of weight k+ 1 2 rank(L) and index L. The map F → Φ(F ) is in fact an isomorphism and it sends the principal parts of vector-valued modular forms to the singular Fourier coefficients of Jacobi forms. Moreover, it induces an isomorphism between the subspaces of holomorphic vector-valued modular forms of weight k and holomorphic Jacobi forms of weight k + 1 2 rank(L). From this, we deduce that J k,L = {0} if k < rank(L)/2. The minimum possible weight k = rank(L)/2 is called the singular weight. For a holomorphic Jacobi form of singular weight, its nonzero Fourier coefficients f (n, ℓ) satisfy 2n − (ℓ, ℓ) = 0. Note that these results hold for holomorphic Jacobi forms with a character.
The following differential operators are very useful. We refer to [Wan18, Lemma 2.2] for a proof.
Lemma 4.2. Let ψ(τ, z) = f (n, ℓ)q n ζ ℓ be a weakly holomorphic Jacobi form of weight k and index L. Then H k (ψ) is a weakly holomorphic Jacobi form of weight k + 2 and index L, where
and G 2 (τ ) = − 1 24 + n≥1 σ 1 (n)q n is the Eisenstein series of weight 2 on SL 2 (Z). The next lemma gives useful identities related to singular Fourier coefficients of Jacobi forms of weight 0, which plays a crucial role in this paper. We refer to [Gri18, Proposition 2.6] for a proof. Its variant in the context of vector-valued modular forms was first proved in [Bor98, Theorem 10.5].
Lemma 4.3. Assume that φ is a weakly holomorphic Jacobi form of weight 0 and index L with the Fourier expansion
Then we have the following identity
Remark 4.4. Let Λ be an even positive-definite unimodular lattice of rank 24. Assume that the the set R Λ of 2-roots of Λ is non-empty. Let R(Λ) denote the root lattice generated by R Λ . The theta-function for Λ is a holomorphic Jacobi form of weight 12 and index Λ. Thus, we have
where Θ Λ = Θ Λ 0 (see (4.2)). By Lemma 4.3, we prove the identity
. It follows that the lattice R(Λ) has rank 24 and all its irreducible components have the same Coxeter number. In this paper, we shall use the similar idea to classify 2-reflective modular forms.
Using Lemma 4.3, we give a simple proof of [Bor98, Theorem 11.2] in the context of Jacobi forms.
Corollary 4.5. Let φ be a weakly holomorphic Jacobi form of weight 0 and index L with the Fourier expansion
Proof. By (4.5), we get
Since f (0, ℓ) = f (0, −ℓ) ∈ Z, we get C(x, y) ∈ Z for all x, y ∈ L, which yields n(L)C ∈ Z. We thus complete the proof by (4.4).
We next introduce the Borcherds products. The input of original Borcherds lifting is modular forms for the Weil representation. The constructed orthogonal modular forms have nice infinite product expansions at the rational 0-dimensional cusps. By means of the isomorphism between modular forms for the Weil representation and Jacobi forms, Gritsenko and Nikulin [GN98b] proposed a variant of Borcherds products, which lifts weakly holomorphic Jacobi forms of weight 0 to modular forms on orthogonal groups. In this case, any constructed modular form has a nice infinite product expansion at each rational 1-dimensional cusp and can be expressed as a product of a general theta block with the exponential of additive Jacobi lifting.
Then the product
where
The multiplicity of this divisor is given by
where Grit(ϕ) is the additive Jacobi lifting of ϕ and the first Fourier-Jacobi coefficient is given by
.
The Weyl vector of the Borcherds product is (A, B, C).
We explain some notations in the above theorem. The odd Jacobi theta series ϑ is defined as
which is a holomorphic Jacobi form of weight 1/2 and index 1/2 with a multiplier system of order 8 in the sense of Eichler-Zagier (see [GN98b, Example 1.5]). The function η(τ ) = q 1/24 n≥1 (1 − q n ) is the Dedekind Eta function. By (4.5), the finite multiset set X = {ℓ; f (0, ℓ)} from Theorem 4.6 forms a vector system defined in [Bor95, §6] . We define its Weyl chamber as a connected component
The notation (n, ℓ, m) > 0 in Theorem 4.6 means that either m > 0, or m = 0 and n > 0, or m = n = 0 and ℓ < 0.
We emphasize the fact that if Borch(ϕ) is holomorphic then its first Fourier-Jacobi coefficient ψ L,C (see (4.6)) is a holomorphic Jacobi form of weight f (0, 0)/2 and index L(C).
Quasi pull-backs of modular forms
In this section we introduce the quasi pull-backs of modular forms and employ this technique to construct many reflective modular forms.
Borcherds [Bor95] constructed a modular form of singular weight 12 and character det with
where II 2,26 is the unique even unimodular lattice of signature (2, 26). The function Φ 12 is constructed as the Borcherds product of the nearly holomorphic modular form of weight −12
and it is a modular form with complete 2-divisor i.e.
By the Eichler criterion (see [Gri18, Proposition 4 .1]), all (−2)-vectors in II 2,26 form only one orbit with respect to O + (II 2,26 ). We next introduce the quasi pull-back of Φ 12 . First we give a general property of rational quadratic divisors. Let M be an even lattice of signature (2, n) and let T be a primitive sublattice of signature (2, m) with m < n. Then the orthogonal complement T ⊥ M is negative-definite and we have the usual inclusions
For v ∈ M with v 2 < 0 we write
Then we have Theorem 5.1. Let T ֒→ II 2,26 be a primitive nondegenerate sublattice of signature (2, n) with n ≥ 3, and let D(T ) ֒→ D(II 2,26 ) be the corresponding embedding of the Hermitian symmetric domains. The set of (−2)-roots
in the orthogonal complement is finite. We put N (T ⊥ ) = #R −2 (T ⊥ )/2. Then the function
where in the product over r we fix a finite system of representatives in R −2 (T ⊥ )/ ± 1. The modular form Φ 12 | T vanishes only on rational quadratic divisors of type D v (T ) where v ∈ T ∨ is the orthogonal projection of a (−2)-root r ∈ II 2,26 on T ∨ satisfying −2 ≤ v 2 < 0. If the set R −2 (T ⊥ ) is non-empty then the quasi pull-back Φ 12 | T is a cusp form.
In general, the quasi pull-back Φ 12 | T is not a reflective modular form. To determine its divisor, we must do explicit calculations. We refer to [Gra09] for this type of calculations. We next introduce several arguments which can be used to seek reflective modular forms without complicated calculations.
In [Gri18] Gritsenko proposed 24 Jacobi type constructions of Φ 12 based on 24 one-dimensional cusps of the modular variety O + (II 2,26 )\D(II 2,26 ). These components correspond exactly to the classes of positive-definite even unimodular lattices of rank 24. They are the 23 Niemeier lattices N (R) uniquely determined by their root sublattices R of rank 24
and the Leech lattice Λ 24 without 2-root (see [SC98, Chapter 18] ). We next construct a lot of reflective modular forms by quasi pull-backs of Φ 12 at different 1-dimensional cusps, some already known, some new. For convenience, we fix the discriminant groups of irreducible root lattices. Let e 1 , ..., e n be the standard basis of R n .
(1) For A 1 = Z with the bilinear form 2x 2 , we fix 5.1. The first argument. This argument was due to Gritsenko and Nikulin. In [GN18] , they constructed modular forms with complete 2-divisor by quasi pull-backs of Φ 12 . We recall their main ideas such that readers can understand the other arguments better.
For an even positive-definite lattice L, we define the Norm 2 condition as
The reason why we formulate Norm 2 condition is the following. If L satisfies the Norm 2 condition and φ is a weakly holomorphic Jacobi form of index L, then its singular Fourier coefficients are totally determined by the q n -terms with non-positive n.
Proof of the claim. It is known that f (n, ℓ) depends only on the number 2n − (ℓ, ℓ) and the class ℓ mod L. Suppose that f (n, ℓ) is singular, i.e. 2n − (ℓ, ℓ) < 0. There exists a vector
, then there exists a negative integer n 1 satisfying 2n − (ℓ, ℓ) = 2n 1 − (ℓ 1 , ℓ 1 ). Thus there exists a Fourier coefficient f (n 1 , ℓ 1 ) with negative n 1 such that f (n 1 , ℓ 1 ) = f (n, ℓ).
Let K be a primitive sublattice of N (R) containing a direct summand of the same rank of the root lattice R, or let K be a primitive sublattice of the Leech lattice Λ 24 = N (∅). We assume that K satisfies the Norm 2 condition. Let T = 2U ⊕ K(−1).
The theta-function Θ N (R) of the Niemeier lattice N (R) is a holomorphic Jacobi form of weight 12 and index N (R). Then we have
We write z = z 1 + z 2 with z 1 ∈ K ⊗ C and z 2 ∈ K ⊥ N (R) ⊗ C and define the pull-back of ϕ 0,N (R) on the lattice K ֒→ N (R) as
where n K is the number of 2-roots in R orthogonal to K. Since K satisfies the Norm 2 condition, the singular Fourier coefficients of ϕ 0,K are completely represented by its q −1 and q 0 -terms. Thus, the quasi pull-back Φ 12 | T is equal to Borch(ϕ 0,K ) up to a constant and it is a modular form with complete 2-divisor. In this way, Gritsenko and Nikulin [GN18, Theorems 4.3, 4.4] constructed the following modular forms with complete 2-divisor. 
, where (a i , a j ) = 2δ ij , (h, h) = 4. The root sublattice generated by 2-roots of N 8 is 8A 1 .
When K is one of the following 10 sublattices of the Leech lattice Λ 24
there exists a (non-cusp) modular form of weight 12 with complete 2-divisor for 2U ⊕ K(−1). The fact that the lattice A ∨ 4 (5) satisfies Norm 2 condition was proved in [GW17, GW18] .
5.2. The second argument. This argument was formulated in [Gri18] . We here describe it in a more understandable way and use it to construct much more 2-reflective and reflective modular forms. This argument is based on the following observation.
Observation: The vector of minimum norm in any nontrivial class of discriminant group of A 1 is 2-reflective. The vector of minimum norm in any nontrivial class of discriminant group of 2A 1 , A 2 , D 4 , or A 1 (2) is reflective.
Let K = K 0 ⊕K 1 ⊕K 2 be a primitive sublattice of N (R). We assume: (i) The lattice K 0 contains a direct summand of the same rank of R; (ii) The lattices K 1 , K 2 take A 1 , 2A 1 , A 2 , D 4 or A 1 (2), and they are contained in different direct summands of R. The second lattice K 2 is allowed to be empty; (iii) The lattice K satisfies Norm 2 condition. Let T = 2U ⊕ K(−1).
Again, we consider the pull-back of ϕ 0,N (R) on the lattice K ֒→ N (R). The above assumptions guarantee that the singular Fourier coefficients of ϕ 0,K are totally determined by its q −1 , q 0 -terms and correspond to reflective divisors. Therefore, the quasi pull-back Φ 12 | T = Borch(ϕ 0,K ) is a reflective modular form.
We first use this argument to construct 2-reflective modular forms. To do this, we can only take
Then the quasi pull-back Φ 12 | T will give a 2-reflective modular form for 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1). Similarly, when K takes one of the following 16 lattices
the quasi pull-back Φ 12 | T will give a 2-reflective modular form on T . We then use this argument to construct reflective modular forms. For instance, let R = 3E 8 , K 0 = E 8 and K 1 = K 2 = D 4 contained in the second and the third copy of E 8 respectively. Then the quasi pull-back Φ 12 | T gives a reflective modular form for 2U ⊕ E 8 (−1) ⊕ 2D 4 (−1). When K takes one of the following 33 lattices, the quasi pull-back Φ 12 | T is a reflective modular form on T .
(1) When R = 3E 8 , the lattice K can take
(2) When R = 6D 4 , the lattice K can take D 4 ⊕ {A 2 , D 4 , A 1 (2)}.
(3) When R = 6A 4 , the lattice K can take A 4 ⊕ A 2 . (4) When R = 8A 3 , the lattice K can take A 3 ⊕ {A 2 , A 1 (2)}.
(5) When R = 12A 2 , the lattice K can take A 2 ⊕ A 1 (2).
(6) When R = 24A 1 , the lattice K can take {A 1 , 2A 1 } ⊕ A 1 (2). (7) When R = 4E 6 , the lattice K can take
For (5) and (6), the constructions are a bit different. We take A 1 (2) in (5) as a sublattice of 2A 2 and take A 1 (2) in (6) as a sublattice of 2A 1 . They can also be constructed in another way. For example, to construct a reflective modular form for 2U ⊕ A 2 ⊕ A 1 (2), we can use the pull-back A 2 ⊕ A 1 (2) < N (6D 4 ). Remark that for some lattice we may construct more than one reflective modular forms. In the above, we focus on reflective lattices and only construct one reflective modular form for a certain lattice.
5.3. The third argument. We now consider the general case, i.e., the lattice K does not satisfy the Norm 2 condition. Assume that the lattice K satisfies the other conditions in the second argument. We further assume that the minimum norm of vectors in any nontrivial class of discriminant group of K is less than 4 and all the vectors (noted by v) of minimum norm larger than 2 satisfy the condition: the vector (0, 1, v, 1, 0) is reflective. In this case, the singular Fourier coefficients of ϕ 0,K are determined by its q −1 , q 0 , q 1 -terms and correspond to reflective divisors. Therefore, the quasi pull-back Φ 12 | T = Borch(ϕ 0,K ) is a reflective modular form.
(1) When the lattice K takes one of the following 8 lattices, we get 2-reflective lattices
For the last lattice, we use R = 6D 4 and take 3A 1 from three different copies of D 4 . (2) When the lattice K takes one of the following 12 lattices, we get reflective lattices
There are a lot of this type of reflective lattices. In the above, we only consider the simplest case K = K 0 . By [Sch04, §9] , the lattice 2A 2 (2) is a primitive sublattice of Leech lattice and it satisfies our condition. Thus the quasi pull-back gives a reflective modular form of weight 12 for 2U ⊕ 2A 2 (−2). 5.4. The fourth argument. We can also consider the quasi pull-backs of some other reflective modular forms. We have known that the lattice 2U ⊕ 2E 8 ⊕ D 4 is reflective. It is easy to check
because they have the same discriminant form. For 4 ≤ n ≤ 10, we have D n ⊕ D 12−n < D 12 . In a similar way, we show that the quasi pull-back of 2U ⊕ E 8 ⊕ D 12 into 2U ⊕ E 8 ⊕ D n will give a reflective modular form for the lattice 2U ⊕ E 8 ⊕ D n with 4 ≤ n ≤ 10. 5.5. The fifth argument. This argument relies on the construction of Niemeier lattice N (R) from root lattice R. We will explain the main idea by considering several interesting examples.
(1) Let R = 6D 4 . We consider its sublattice K = D 4 ⊕ 5A 1 , where every A 1 is contained in a different copy of D 4 . The singular Fourier coefficients of the weakly holomorphic Jacobi form ϕ 0,K are determined by its q −1 , q 0 , q 1 -terms. It is clear that the q −1 , q 0 -terms correspond to 2-reflective divisors. We next consider the q 1 -term, which is the pull-back of the vectors of norm 4 in N (6D 4 ). Since the pull-backs of vectors of norm 4 in 6D 4 gives either non-singular Fourier coefficients or singular Fourier coefficients equivalent to that of q 0 -term, we only need to consider the pull-backs of vectors of norm 4 in N (6D 4 ) and not in 6D 4 . This type of vectors is of the form Similarly, the quasi pull-back on 6A 2 < N (6D 4 ) gives a reflective modular form for 2U ⊕ 6A 2 .
(2) Let R = 8A 3 . We consider its sublattice K = 8A 1 , where every A 1 is contained in a different copy of A 3 . The singular Fourier coefficients of the weakly holomorphic Jacobi form ϕ 0,K are determined by its q −1 , q 0 , q 1 -terms. It is obvious that the q −1 , q 0 -terms correspond to 2-reflective divisors. We next consider the q 1 -term. The q 1 -term is the pull-back of the vectors of norm 4 in N (8A 3 Using the idea of pull-backs, it is easy to prove the following result.
Lemma 5.2. Let M be an even lattice of signature of (2, n) and L be an even positive-definite lattice. If M ⊕ L(−1) is reflective (resp. 2-reflective), then M is reflective (resp. 2-reflective) too.
As an application of the above lemma, we construct more reflective modular forms. We check
which yields that U ⊕ U (2) ⊕ D 4 is a 2-reflective lattice. Similarly, we claim that U ⊕ U (3) ⊕ A 2 is a reflective lattice because
For any reflective modular form constructed in this section, it is possible to work out the weight and the multiplicities of zero divior by the methods used in the next section.
Classification of 2-reflective modular forms
In this section we use the approach based on Jacobi forms to classify 2-reflective modular forms on lattices containing two hyperbolic planes.
6.1. Known results. We first review some results proved in [Wan18] . Let M = 2U ⊕ L(−1) be an even lattice of signature (2, rank(L) + 2). Let π M ⊂ D(M ) be the subset of elements of order 2 and norm −1/2. For each µ ∈ π M we abbreviate H(µ, −1/4) by H µ . We also set (6.1)
Then we have the following decomposition (6.2)
Assume that F is a 2-reflective modular form of weight k for M . Then its divisor can be written as
where β * are non-negative integers. By [Bru02] or [Bru14] , the modular form F should be a Borcherds product. In view of the isomorphism between vector-valued modular forms and Jacobi forms, there exists a weakly holomorphic Jacobi form φ L of weight 0 and index L with singular Fourier coefficients of the form
where ζ l = e 2πi(l,z) . We thus obtain
here R L is the set of 2-roots of L and
In [Wan18, Theorem 3.2], we proved that the weight of F is given by (6.7)
6.2. Nonexistence of 2-reflective lattice of signature (2,14). We refine the proof of [Wan18, Theorem 3 .6] to demonstrate the following result.
Theorem 6.1. There is no 2-reflective lattice of signature (2, 14).
Proof. Suppose that M is a 2-reflective lattice of signature (2, 14). Without loss of generality, we can assume that M is maximal, namely, M has no any proper even overlattice. As the proof of [Ma17, Proposition 3.1], we can show that M contains two hyperbolic planes. It means that M can be written as M = 2U ⊕ L(−1). Therefore, there exists a weakly holomorphic Jacobi form of weight 0 and index L, noted by φ. Like the proof of [Wan18, Theorem 3.6], applying differential operators defined in Lemma 4.2 to φ, we construct weakly holomorphic Jacobi forms of weights 2, 4, 6. By considering their M * (SL 2 (Z))-linear combination to cancel two types of singular Fourier coefficients, we can construct a holomorphic Jacobi form of weight 6 and index L, denoted by ϕ 6 . By direct calculation, the constant term of ϕ 6 is not zero and we assume it to be 1. The function ϕ 6 has singular weight 6. Thus, it is a C-linear combination of theta-functions for L defined as (4.2). Since L is maximal, there is no γ ∈ L ∨ such that γ ∈ L and (γ, γ) = 2. Hence, the q 1 -term of Fourier expansion of ϕ 6 comes only from the theta-function Θ L 0 . But ϕ 6 (τ, 0) = E 6 (τ ) = 1 − 504q + ..., this leads to a contradiction. We complete the proof. 6.3. More refined results. In this subsection, we prove the following main result.
Theorem 6.2. Let M = 2U ⊕ L(−1) and F be a 2-reflective modular form of weight k with divisor of the form (6.3) for M . Let R(L) be the root sublattice generated by 2-roots of L. If R(L) is empty, then k = 12β 0 . If R(L) is non-empty, then R(L) and L have the same rank, which is denoted by n. Furthermore, the root lattice R(L) satisfies one of the following conditions (a) R(L) = nA 1 . In this case, all β µ satisfying R µ (L) = ∅ are the same. (b) The lattice A 1 is not an irreducible component of R(L). In this case, all the irreducible components of R(L) have the same Coxeter number, which is denoted by h. In addition, the sets R µ (L) are all empty and the weight k is given by
(c) R(L) = mA 1 ⊕R, where 1 ≤ m ≤ n−2 and the lattice A 1 is not an irreducible component of R. In this case, all the irreducible components of R have the same Coxeter number, which is denoted by h. In addition, all β µ satisfying R µ (L) = ∅ are the same, which is denoted by β 1 . Moreover, we have
Furthermore, L can be represented as mA 1 ⊕ L 0 , where L 0 is an even overlattice of R.
Proof. First, if R(L) = ∅ then we derive from (6.7) that k = 12β 0 . We next assume that R(L) = ∅. Let R(L) = ⊕R i be the decomposition of irreducible components i.e. R i are irreducible root lattices. We write z = i z i ∈ L ⊗ C, where z i ∈ R i ⊗ C. For irreducible root lattices, only the lattice A 1 satisfies the property that there is a root v such that v/2 is in the dual lattice. By (4.5) and (6.5), we conclude that R(L) and L have the same rank. Otherwise, there exists a vector in L ⊗ C orthogonal to R(L) ⊗ C, which contradicts the identity (4.5) because the number C is not equal to 0. In a similar way, we can prove the statement (a).
We next prove the statement (b). Since there is no R i equal to A 1 , the sets R µ (L) are all empty. By Lemma 4.3 and (6.5), we have
where h i are the Coxeter numbers of R i . On the other hand, by Proposition 2.4, we have
Thus, all Coxeter numbers h i are the same. The weight formula follows from (6.7). We now prove the statement (c). Firstly, all non-empty R µ (L) are contained in the components mA 1 . We write R = ⊕R j , where R j are irreducible root lattices. For 1 ≤ t ≤ m, if the dual lattice of the t-th copy of A 1 is contained in L ∨ , then the corresponding R µ (L) is non-empty and have two elements. In this case, we denote the associated β µ by β t . If not, then the corresponding R µ (L) is empty, so we have β t := β µ = β 0 . We also denote the elliptic parameter associated to the t-th copy of A 1 by z t . By Lemma 4.3 and (6.5), we have
In the above identity, we use the standard model of A 1 : A 1 = Zα with α 2 = 2. Let h j denote the Coxeter number of R j . Then we have
Therefore, all h j are the same (noted by h), and all β t are also the same (noted by β 1 ), which implies that the dual lattice of each copy of A 1 is contained in L ∨ . It follows that β 1 = (2h − 3)β 0 . Combining the formula β 1 = (2h − 3)β 0 and (6.7) together, we deduce the weight formula. We set L 0 = {v ∈ L : (v, x) = 0, ∀x ∈ mA 1 }. Then we have
Inspired by the classification of even positive-definite unimodular lattices, we define the following classes of 2-reflective lattices. In a similar way, we can prove the following necessary condition for a lattice to be reflective. This condition would be useful to classify reflective lattices.
Remark that the above result is an analogue of a result in [Vin72] 
In [Wan18, Theorem 3.6], we have shown that if 2U ⊕ L(−1) is a 2-reflective lattice of signature (2, 19) then the weight of the corresponding 2-reflective modular form is 75β 0 . We next use the above theorem to prove the following refined classification, which answers a question formulated in [Wan18, Questions 4.13 (3)].
Theorem 6.5. If M is a 2-reflective lattice of signature (2, 19), then it is isomorphic to the lattice 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1).
Proof. We first prove the assertion under the assumption that M contains 2U i.e. M = 2U ⊕L(−1). It is clear that R(L) is non-empty because the weight is 75β 0 . In addition, we have R(L) = 17A 1 , otherwise the weight of the associated 2-reflective modular form is k ≤ β 0 12 + 2 · 17 12 17
If M is of quasi-Niemeier type, then we have k = β 0 12 − 17 + 3m 2 h + 12 + 3m = 75β 0 , which follows that h(7 − 3m)/2 + 3m = 63. Since 1 ≤ m ≤ 15, the only solution is m = 1 and h = 30. By Table 1 If M is of Niemeier type, then we have
which implies h = 18. By Table 1 , we have On the other hand, the Niemeier lattice N (A 17 ⊕ E 7 ) is generated by the isotropic subgroup
Thus, the pull-back of ϕ 0,N (A 17 ⊕E 7 ) on A 17 will give a weakly holomorphic Jacobi form ψ 0,A 17 of weight 0 which has the same q −1 and q 0 -terms as φ 0,A 17 and its singular Fourier coefficients in q 1 -term are represented by [3] and [6] . The reason why these two Jacobi forms have the same q −1 and q 0 -terms is that they have the same type of 2-reflective divisors and the corresponding coefficients are determined by the formulas in Lemma 4.3. We will often use this argument later. Thus, φ := (φ 0,A 17 − ψ 0,A 17 )/∆ is a weak Jacobi form of weight −12 and index 1 for A 17 . We can assume that it is invariant under the orthogonal group O(A 17 ) by considering its symmetriction. [Wir92] , the space of weak Jacobi forms of index 1 for A 17 invariant under O(A 17 ) is a free module generated by ten Jacobi forms of weights 0, −2, −4, ..., −18 over the ring of SL 2 (Z) modular forms. The ten generators were constructed in [Ber00] . Note that there are ten independent O(A 17 )-orbits appearing in q 0 -terms of these generators, namely, [i] for 0 ≤ i ≤ 9. There are only three independent weak Jacobi forms of weight −12 for A 17 . But the q 0 -term of φ has only five orbits. By direct calculations, we can show that the q 0 -term of a weak Jacobi form of weight −12 contains at least eight orbits, which leads to a contradiction. We complete the proof of the particular case by the fact that if L 1 is a nontrivial even overlattice of R(L) = A 17 or D 10 ⊕ E 7 then 2U ⊕ L 1 is of determinant 2 and isomorphic to 2U ⊕ 2E 8 ⊕ A 1 .
We now consider the remaining case that M does not contain 2U . By [Ma18, Lemma 1.7], there exists an even overlattice M ′ of M containing 2U . By Lemma 3.3, M ′ is also 2-reflective and then it is isomorphic to 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1). We claim that the order of the group M ′ /M is not a prime, otherwise the discriminant group of M will be 2p 2 and M will contain 2U by Lemma 2.3. Thus, there exists an even lattice M 1 such that M ⊂ M 1 ⊂ M ′ and M ′ /M 1 is a nontrivial cyclic group. Then M 1 contains 2U by Lemma 2.3. It follows that M 1 is 2-reflective but not isomorphic to 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1), which contradicts the previous case. This completes the proof. 6.4. Classification of 2-reflective lattices of Niemeier type. In this subsection we classify 2-reflective lattices of Niemeier type. We first consider the case of L = R(L) and then consider their overlattices. We discuss case by case. Let M = 2U ⊕ L(−1). By [Wan18, Theorem 3.6], Theorems 6.1 and 6.5, if M is 2-reflective, then either M is isomorphic to one of the three lattices: II 2,18 , II 2,26 and 2U ⊕ 2E 8 (−1) ⊕ A 1 (−1), or we have rank(L) ≤ 11. Therefore, we only need to consider the case of rank(L) ≤ 11.
(1) h=3: The unique irreducible root lattice of Coxeter number 3 is A 2 . By §5, the lattice M is 2-reflective if L = A 2 , 2A 2 , 3A 2 . The lattice M is not 2-reflective for L = mA 2 with m ≥ 4. Otherwise, since 4A 2 < E 6 ⊕ A 2 , the lattice 2U ⊕ E 6 ⊕ A 2 is also 2-reflective, which is impossible because E 6 and A 2 have different Coxeter numbers. Then we prove this claim by Lemma 5.2.
(2) h=4: The unique irreducible root lattice of Coxeter number 4 is A 3 . By §5, the lattice M is 2-reflective if L = A 3 , 2A 3 . The lattice M is not 2-reflective for L = 3A 3 because we observe from their extended Coxeter-Dynkin diagrams that 3A 3 < D 6 ⊕ A 3 . (8) h=10: The irreducible root lattices of Coxeter number 10 are A 9 and D 6 . By §5, the lattice M is 2-reflective if L = D 6 . We can prove that the lattice M is not 2-reflective for L = A 9 in a similar way as the cases of A 8 and A 5 ⊕ D 4 .
(9) h=11: The unique irreducible root lattice of Coxeter number 11 is A 10 (level 11). The lattice M is not 2-reflective if L = A 10 . Since A 10 is of prime level 11, if 2U ⊕ A 10 (−1) is 2-reflective then the corresponding 2-reflective modular form is a modular form with complete 2-divisor. This leads to a contradiction.
(10) h=12: The irreducible root lattices of Coxeter number 12 are A 11 , E 6 and D 7 . The lattice M is 2-reflective if L = D 7 , E 6 . The lattice M is not 2-reflective for L = A 11 , which can be proved as the case of 2A 5 .
(11) h is larger than 12: In view of rank(L) ≤ 11, the rest cases are L = D m with 8 ≤ m ≤ 11,
, which can be proved as the case of 2A 5 .
(12) The case of overlattices: Let L 1 be a nontrivial even overlattice of R(L) whose root sublattice generated by 2-roots is R(L). In this case, the minimum norm of vectors in nontrivial class of L 1 /R(L) is an even integer larger than 2. It is easy to show that there is no such R(L).
By the above discussions, we have thus proved the following theorem.
Theorem 6.6. Let M = 2U ⊕ L(−1) be a 2-reflective lattice of Niemeier type. Then L can only take one of the following 21 lattices up to genus
6.5. Classification of 2-reflective lattices of quasi-Niemeier type. In this subsection we classify 2-reflective lattices of quasi-Niemeier type. We use the notations in Theorem 6.2. Let
is also 2-reflective. Therefore, we only need to consider the root lattices formulated in Theorem 6.6 for L 0 . We shall prove the following theorem.
Theorem 6.7. Let M = 2U ⊕ L(−1) be a 2-reflective lattice of quasi-Niemeier type. Then L is in the genus of one of the following 21 lattices
Note that 3A 1 ⊕ D 6 and A 1 ⊕ 2D 4 , 2A 1 ⊕ E 7 and A 1 ⊕ D 8 have the isomorphic discriminant form respectively.
Proof. By §5, when L takes one of the above lattices, the lattice M is 2-reflective. We next prove that M is not 2-reflective for other lattices. (2) The lattice L is not equal to
The lattice L is not equal to E 8 ⊕ 3A 1 . If 2U ⊕ E 8 ⊕ 3A 1 is 2-reflective, then we have by Theorem 6.2 that β 1 = 57β 0 and k = 81β 0 . By Theorem 4.6, the q 0 -term of the corresponding weakly holomorphic Jacobi form of weight 0 will define a holomorphic Jacobi form for E 8 ⊕ 3A 1 as a theta block (see (4.6)). Thus the function corresponding to each copy of A 1
is a holomorphic Jacobi form of index 30 for A 1 . We calculate its hyperbolic norm of the first 
Otherwise, there exists a 2-reflective modular form for 2U ⊕ A 1 ⊕ 3A 2 and we note the corresponding Jacobi form of weight 0 by φ. On the other hand, the pull-back of ϕ 0,N (R) on A 1 ⊕ 3A 2 < N (12A 2 ) will also give a Jacobi form of weight 0 which is noted by φ 1 . Using the idea in this section, we conclude that φ and φ 1 have the same q 0 -term and the difference ψ := φ−φ 1 will give a Jacobi form of weight 0 without q −1 and q 0 -terms for A 1 ⊕ 3A 2 . This function is not zero and its singular Fourier coefficients are represented by ( 1 2 ) ⊕ [1] 3 which has hyperbolic norm −1/2 and does not correspond to 2-reflective divisor. Thus η 6 ψ is a holomorphic Jacobi form of weight 3 with a character for A 1 ⊕ 3A 2 , which contradicts the singular weight. L = 3A 1 ⊕ A 3 . Suppose that the lattice 2U ⊕ 3A 1 ⊕ A 3 is 2-reflective and we denote the corresponding Jacobi form of weight 0 by φ. The pull-back of ϕ 0,N (R) on 3A 1 ⊕ A 3 < N (8A 3 ) gives a Jacobi form of weight 0 (noted by φ 1 ). The functions φ and φ 1 have the same q 0 -term and their difference f := φ − φ 1 = O(q) is a Jacobi form of weight 0 for 3A 1 ⊕ A 3 . This function is not zero and its singular Fourier coefficients are represented by v 1 := ( (with hyperbolic norm −1/2). Hence η 6 f is a holomorphic Jacobi form of singular weight 3 with a character for 3A 1 ⊕ A 3 . This contradicts the singular weight because there is a non-zero Fourier coefficient with non-zero hyperbolic norm, i.e., q 1/4 ζ (v 1 ,z) with hyperbolic norm 1/4. All other cases can be proved in a similar way. Since the pull-back of ϕ 0,N (R) has additional singular Fourier coefficients in its q 1 -term which does not correspond to 2-reflective divisor, we can construct a holomorphic Jacobi form of low weight with a character, which will contradict the singular weight. The proof is completed.
6.6. Classification of 2-reflective lattices of other type. In this subsection, we discuss the final case: R(L) = nA 1 . Firstly, if β 0 = 0, the only possible case is L = nA 1 . In this case, the weight k is equal to (6 − n)β 1 . In view of the singular weight, we have k ≥ nβ 1 /2 since η 2k/n (ϑ(τ, z)/η) β 1 is a holomorphic Jacobi form. Therefore we get 1 ≤ n ≤ 4. The corresponding 2-reflective modular forms can be constructed as the quasi pull-backs of the 2-reflective modular form of singular weight 2 for 2U ⊕ 4A 1 (see [Gri18, §5.1]). In view of Theorem 6.2, we thus prove the following.
Theorem 6.8. If M = 2U ⊕ L(−1) has a 2-reflective modular form with β 0 = 0 in its zero divisor, then L = nA 1 with 1 ≤ n ≤ 4.
By §5, when L = nA 1 with 1 ≤ n ≤ 8, the lattice M is 2-reflective. For the overlattices, the lattices 2U ⊕ N 8 and 2U ⊕ N 8 ⊕ A 1 are 2-reflective. The lattice 2U ⊕ N 8 ⊕ 2A 1 is not 2-reflective
To complete the classification, we show that the lattice 2U ⊕ 9A 1 is not 2-reflective. Conversely, suppose that there exists a 2-reflective modular form for 2U ⊕ 9A 1 . By §5, the lattice 2U ⊕ 8A 1 is 2-reflective and the 2-reflective modular form is constructed as the quasi pull-back on 8A 1 < N (8A 3 ). For this 2-reflective modular form, we have β 1 = 5. We claim that this function is the unique 2-reflective modular form for 2U ⊕ 8A 1 up to a constant. Otherwise, by considering the difference between the two independent 2-reflective modular forms, we will get a weak Jacobi form of weight 0 for 8A 1 whose minimal hyperbolic norm of singular Fourier coefficients is −1/2. Thus, its product with η 6 will give a holomorphic Jacobi form of weight 3 for 8A 1 , which is impossible due to the singular weight.
The quasi pull-back of the 2-reflective modular form for 2U ⊕9A 1 will be the 2-reflective modular form for 2U ⊕ 8A 1 . Therefore, we have β 1 = 5β 0 in the case of 9A 1 . Thus the weight is given by
The q 0 -term of the corresponding Jacobi form of weight 0 defines a holomorphic Jacobi form for 9A 1 as a theta block. Then the part related to each copy of A 1
is a holomorphic Jacobi form of index 4 for A 1 . But its hyperbolic norm of the first Fourier coefficient is 4 × 1 24
which gives a contradiction.
6.7. Final classification.
Proof of Theorem 1.1. Combining [Wan18, Theorem 3.8], Theorem 6.1, Theorem 6.5 together, we complete the proof.
Proof of Theorem 1.2. By Theorem 6.2, Theorem 6.5, Theorem 6.6, Theorem 6.7 and §6.6, we finish the proof. The only thing that we need to explain is the following. Every lattice listed in (c) has a 2-reflective modular form constructed as a quasi pull-back of Φ 12 . For every such pull-back, we have that β 0 = 1 and the weight k > 12. Thus, every lattice in the genus of L has 2-roots. The fact that the Weyl vector has positive norm can be proved by direct calculation or by Remark 7.4 in the next section.
Proof of Corollary 1.3. It is a direct consequence of Theorem 1.2 and the weight formula (6.7).
As an application, we give a classification of modular forms with complete 2-divisor.
Theorem 6.9. Assume that M = 2U ⊕ L(−1) has a modular form with complete 2-divisor and the set of 2-roots of L is non-empty. Then L is in the genus of 3E 8 or one of the lattices formulated in Table 2 .
Proof. Firstly, from the formula β 1 = (2h − 3)β 0 in Theorem 6.2, we see that there is no modular form with complete 2-divisor for 2-reflective lattice of quasi-Niemeier type. We next consider the lattices of type mA 1 . We first construct a 2-reflective modular form for 2U ⊕ 5A 1 whose 2-reflective divisor of type (0, 1, ( q n e 2πi(z,r) .
We consider the pull-back on 5A 1 < N 8
where z 5 = 5 i=1 z i α i and ζ i = e 2πiz i . We need to determine the singular Fourier coefficients in q 1 -term. This type of Fourier coefficients is of the form 1 2 5 i=1 α i and it comes from the pull-back of vectors of norm 4 in N 8 of type
Thus the coefficient of qζ 1 ζ 2 ζ 3 ζ 4 ζ 5 is 8. The Borcherds product of φ 0,5A 1 gives the desired 2-reflective modular form. Suppose that 2U ⊕ 5A 1 has a modular form with complete 2-divisor and we denote the corresponding Jacobi form of weight zero by ψ 0,5A 1 . Then g := φ 0,5A 1 − ψ 0,5A 1 is a nonzero weak Jacobi form of weight 0 without q 0 -term. It follows that g/∆ is a weak Jacobi form of weight −12, which is impossible because the minimal weight of weak Jacobi forms of index 1 for 5A 1 is −10 (see [Wir92] ). Thus, 2U ⊕ 5A 1 has no modular form with complete 2-divisor. In view of the pull-back, we conclude that 2U ⊕ mA 1 also has no modular form with complete 2-divisor when m ≥ 6. The proof is completed.
Note that there are in fact two independent 2-reflective modular forms for 2U ⊕ 5A 1 . The second one can be constructed as the quasi pull-back of Φ 12 on 5A 1 < N (8A 3 ) (see §5).
Remark that there are lattices not of type 2U ⊕ L which have a modular form with complete 2-divisor, such as the lattices U (2) ⊕ −2 ⊕ (k + 1) 2 with 1 ≤ k ≤ 7 (see [GN18, Theorem 6 .1]).
Proposition 6.10. If M is a maximal even lattice of signature (2, 10) having a modular form with complete 2-divisor, then it is isomorphic to II 2,10 .
Proof.
It is a refinement of the proof of [Wan18, Theorem 3.4] . Firstly, the lattice M can be written as M = 2U ⊕ L(−1). There exists a weakly holomorphic Jacobi form of weight 0 and index L. As the proof of [Wan18, Theorem 3.4], we can construct a holomorphic Jacobi form of weight 4 and index L, denoted by g. It is easy to check that the constant term of g is not zero and we assume it to be 1. The function g has singular weight 4. Thus, it is a C-linear combination of theta-functions for L defined as (4.2). Since L is maximal, there is no γ ∈ L ∨ such that γ ∈ L and (γ, γ) = 2. Hence, the q 1 -term of Fourier expansion of g comes only from the theta-function Θ L 0 . In view of g(τ, 0) = E 4 (τ ) = 1 + 240q + ..., the number of 2-roots in L is 240. By Theorem 6.2, the Coxeter number of L is 30, which forces that L is isomorphic to E 8 . The proof is completed.
Application: automorphic correction of hyperbolic 2-reflective lattices
An even lattice S of signature (1, n) is called hyperbolic 2-reflective if the subgroup generated by 2-reflections is of finite index in the orthogonal group of S, i.e., W (2) = σ r : r ∈ S, r 2 = −2 < O(S) is of finite index. The lattice S is called hyperbolic reflective if the subgroup generated by all reflections has finite index in O(S). Hyperbolic reflective lattices are closely related to reflective modular forms. In [Bor98, Theorem 12.1], Borcherds proved that if the lattice U ⊕S has a reflective (resp. 2-reflective) modular form with a Weyl vector of positive norm then S is hyperbolic reflective (resp. 2-reflective).
Hyperbolic 2-reflective lattices are of a special interest because of its close connection with the theory of K3-surfaces. The classification of such lattices is now available thanks to the work of Nikulin and Vinberg (see [Nik81] for n ≥ 4, [Nik84] for n = 2, [Vin07] for n = 3, and a survey [Bel16] ). Table 3 gives the number of hyperbolic 2-reflective lattices of fixed rank. The models of all these lattices can be found in [GN18, §3.2]. For rank(S) = 10, we need to add the lattice U ⊕ D 4 ⊕ 4A 1 to the table in [GN18, §3.2]. Table 3 . The number of hyperbolic 2-reflective lattices rank(S) 3 4 5 6 7 8 9 10 11 12 13 14 15, ..., 19 ≥ 20 Number 26 14 9 10 9 12 10 9 4 4 3 3 1 0
In [Bor00], Borcherds suggested that interesting hyperbolic reflective lattices should be associated to reflective modular forms. In view of this suggestion, Gritsenko and Nikulin considered the following automorphic correction of hyperbolic 2-reflective lattices in [GN18] .
Definition 7.1. Let S be a hyperbolic 2-reflective lattice. If there exists a positive integer m such that U (m) ⊕ S has a 2-reflective modular form, then we say that S has an automorphic correction.
By means of the classification results in the previous section, we prove the following theorem.
Theorem 7.2. Let S be a hyperbolic 2-reflective lattice of signature (1, n) with n ≥ 5. If S is one of the following 18 lattices
then it has no automorphic correction. If S is one of the other 51 lattices, it has at least one automorphic correction.
Proof. If U (m) ⊕ S is 2-reflective, then U ⊕ S is also 2-reflective. We then prove the result by Theorem 6.2 (b) and (c). The automorphic corrections of S can be found in §5 and [GN18] .
For 2 ≤ n ≤ 4, there are a lot of hyperbolic 2-reflective lattices not of type U ⊕ L(−1). Our argument does not work well in this case. 
where ρ i is the Weyl vector of the irreducible components of the root sublattice of L 0 and α j are the positive roots of mA 1 . We thus calculate the norm of the Weyl vector as
If the Weyl vector has positive norm, then the lattice U ⊕ mA 1 ⊕ L 0 is hyperbolic 2-reflective. We can show that for almost all lattices determined by Theorem 6.2 the norm of Weyl vectors are positive. For example, when m = 0 and n < 24, we have 2AC − ( B, B) = h(h+1)
12 (24 − n) > 0. Thus they are all hyperbolic 2-reflective and we may use the classification of hyperbolic 2-reflective lattices to determine 2-reflective lattices.
Remark 7.4. Let L be a primitive sublattice of a Niemeier lattice N (R). If the orthogonal complement of L on N (R) has 2-roots, then every reflective modular form for 2U ⊕ L(−1) constructed as the quasi pull-back of Φ 12 is a cusp form (see Theorem 5.1) and then has a Weyl vector of positive norm, which yields that the corresponding Lorentzian lattice is hyperbolic reflective.
Note that the sublattices 6A 2 < N (6D 4 ) and 12A 1 < N (12A 2 ) do not satisfy the above assumption. By direct calculations, the Weyl vectors of the corresponding reflective modular forms have zero norm.
It is now easy to see that the lattice U ⊕ L(−1) are hyperbolic reflective for some
, and so on.
Application: automorphic discriminants of moduli spaces of K3 surfaces
The moduli space of polarized K3 surfaces of degree 2n can be realized as the modular variety O + (T n )\D(T n ), where
is an even lattice of signature (2, 19). The discriminant of this moduli space is equal to the (−2)-Heegner divisor H. Nikulin [Nik96] asked the question if the discriminant can be given by the set of zeros of some automorphic form. This question is equivalent to whether T n is 2-reflective. Looijenga [Loo03] gave the answer that T n is not 2-reflective if n ≥ 2. Now, this result is immediately derived from Theorem 6.2 because the set of 2-roots of 2E 8 ⊕ 2n does not span the whole space R 17 when n ≥ 2. Moreover, Theorem 6.5 gives a generalization of this result. Nikulin [Nik96] also asked the similar question for more general lattice-polarized K3 surfaces. Theorem 1.1 implies the nonexistence of such good automorphic forms for other large rank lattices. Many 2-reflective modular forms for small rank lattices related to lattice-polarized K3 surfaces were constructed in [GN17] . As another application of our approach, we further prove the following result.
Theorem 8.1. The lattice T n is reflective if and only if n = 1, 2.
Proof. We have known from §5 that T 1 and T 2 are reflective. We next suppose that n ≥ 3 and T n is reflective. Then there exists a weakly holomorphic Jacobi form of weight 0 and index 1 for 2E 8 ⊕ 2n with first Fourier coefficients of the form
where c 0 , c 1 ∈ N, c 2 ∈ Z satisfying c 1 +c 2 ≥ 0, ζ
, α is the basis of the lattice 2n with α 2 = 2n. The reason we have c 1 + c 2 ≥ 0 is that it is the multiplicity of the Heegner divisor H( We can assume c 0 = 1. The q 0 -term of φ defines a holomorphic Jacobi form for 2E 8 ⊕ 2n as a generalized theta block. In particular, the part related to 2n
is a holomorphic Jacobi form of index 30n for A 1 . Thus, the hyperbolic norm of its first Fourier coefficient should be non-negative. We calculate it as
which implies that 1240n ≥ 100n 2 , i.e., n ≤ 12. The last inequality follows from c 1 + c 2 ≥ 0. If φ has no singular Fourier coefficient of hyperbolic norm −1, then as in [Wan18] , by using the differential operators to kill the term q −1 (consider a linear combination of E 4 φ and H 2 (H 0 (φ))), we can construct a non-zero weak Jacobi form φ 4 of weight 4 whose hyperbolic norms of singular Fourier coefficients are > −1, more precisely ≥ −2/3 (see the description of reflective vectors in §3). Then η 8 φ 4 is a holomorphic Jacobi form of weight 8 with a character for 2E 8 ⊕ 2n , which contradicts the singular weight. Thus φ must have singular Fourier coefficients of hyperbolic norm −1. When n ≤ 12, the singular Fourier coefficients of φ are determined by q −1 , q 0 , q 1 and q 2 -terms. Since the singular Fourier coefficients of φ should correspond to reflective divisors, the singular Fourier coefficients of hyperbolic norm −1 are represented by 1 2 α with α 2 4 = 1(mod 2) because the order must be 2. The only possible case is n = 6 or 10.
In the case n = 6, the possible singular Fourier coefficients of φ are: q −1 , ζ ±1/6 , ζ ±1/12 , and qζ ±1/2 with hyperbolic norms −2, −1/3, −1/12, and −1, respectively. Similarly, by using differential operators to kill the terms q −1 and qζ ±1/2 (consider a linear combination of E 6 φ, E 4 H 0 (φ) and H 4 (H 2 (H 0 (φ)))), we can construct a nonzero weak Jacobi form φ 6 of weight 6 with only singular Fourier coefficients of types ζ ±1/6 and ζ ±1/12 . Then η 4 φ 6 gives a holomorphic Jacobi form of weight 8 for 2E 8 ⊕ 12 , which contradicts the singular weight. Therefore T 6 is not reflective.
We can prove the case n = 10 in a similar way. The proof is completed.
Further remarks and open questions
We first give some remarks about the main results.
Remark 9.1. Similar to Theorem 1.2, replacing 2-roots with root system R L (see Proposition 6.4), we find that there are also exactly three types of reflective lattices containing 2U . But II 2,26 is not the unique reflective lattice of type (a). In fact, the lattice
is also a reflective lattice of type (a). Besides, the reflective lattice of type (c) may have no a reflective modular form with positive norm Weyl vector, for example, the lattice 2U ⊕ A ∨ 6 (7) has a unique reflective modular form and this modular form has singular weight 3 (see [GW19] ). Thus, the case of reflective is different from the case of 2-reflective. We remark that every lattice having a reflective modular form of singular weight is of type (c).
Remark 9.2. Our Jacobi forms approach is also useful to study the genus of a certain lattice because one has different Jacobi forms for different lattices in some genus. From Theorem 1.2 and its proof, we conclude
(1) The genus of 2E 8 ⊕ A 1 contains exactly 4 lattices: itself, the unique nontrivial even overlattices of D 16 ⊕ A 1 , A 17 , and Remark 9.3. Theorem 1.1 holds for meromorphic 2-reflective modular forms. Firstly, from its proof, we see that Theorem 6.2 is still true for meromorphic 2-reflective modular forms. Secondly, in the proofs of [Wan18, Theorem 3.6] and Theorem 6.1, we only need to make minor correction for the cases rank(L) = 12, 13, 14. In these cases, we need to show that the constant u (determined by the weight) of holomorphic Jacobi form φ 6 is not zero. This can be done using Theorem 6.2.
Remark 9.4. For any 2-reflective lattice of type 2U ⊕ L(−1) with rank(L) > 6, the corresponding 2-reflective modular form is unique up to a constant. Indeed, if there are two independent 2-reflective modular forms, then there will exist a weakly holomorphic Jacobi form ψ of weight 0 and index L without q −1 -term. Then η 6 ψ will be a holomorphic Jacobi form of weight 3 with a character, which contradicts the singular weight. Similarly, for any reflective lattice of type 2U ⊕ L(−1) with rank(L) > 12, the corresponding reflective modular form is unique up to a constant.
We next answer some questions proposed in our previous article [Wan18] . In [Wan18, Theorem 4.11], we proved that II 2,26 is the unique reflective lattice of signature (2, n) with n ≥ 23 up to scaling. In fact, we can also prove that reflective lattices of signature (2, 22) satisfy a restrictive condition. Proof. The proof is an improvement to the proof of [Wan18, Theorem 4.11]. Let φ be the associated weakly holomorphic Jacobi form of weight 0. Applying differential operators to φ, we construct a weak Jacobi form g of weight 4 by canceling the singular Fourier coefficients of hyperbolic norm −2. If F has other type of divisors, then the Jacobi form g of weight 4 will have singular Fourier coefficients of hyperbolic norm > −1. But η 12 g is a holomorphic Jacobi form of singular weight 10 with a character. This contradicts the fact that the hyperbolic norm of nonzero Fourier coefficients of any holomorphic Jacobi form of singular weight is always zero. This also forces that the constant term of g is zero, which yields k = 24β 0 .
Corollary 9.7. Assume that 2U ⊕ L(−1) is a reflective lattice of signature (2, 22). Let R L denote the set of 2-roots in L. We set
Then |R L | ≥ 120 and the set R L ∪ R 1 (L) generates the vector space R 20 .
Proof. Suppose that F is a reflective modular form for the lattice. Then F has weight 24β 0 and its divisor is of the form (9.1). We denote the associated weakly holomorphic Jacobi form of weight 0 and index L by φ. We define R = |R L | and R 1 = v∈R 1 (L) β v . By (4.4), we have 1 24 (β 0 (R + 48) + R 1 ) − β 0 = 1 40 (2β 0 R + R 1 ), which yields R = 120 + 2 β 0 R 1 .
Then we have R ≥ 120. The second assertion follows from (4.5).
Remark 9.8. We answer Questions 4.13 (4) in [Wan18] . The reflective lattice of level 3 and signature (2, n) with n ≥ 15 is isomorphic to II 2,18 (3), 2U ⊕ 2E 8 (−1) ⊕ A 2 (−1), 2U (3) ⊕ 2E 8 (−3) ⊕ A 2 (−1), or II 2,26 (3). We remark without proof that all lattices of level 2 and signature (2, n) with n ≤ 18 are reflective, and all lattices of level 3 and signature (2, n) with n ≤ 14 are reflective.
In the end, we pose some interesting questions related to our work. Questions (1) and (2) have been formulated in [Wan18] . But here, we further make conjectures and provide some evidence to support them.
(1) Are there 2-reflective lattices of signature (2, 13)? By Theorem 1.2, there is no 2-reflective lattice of signature (2, 13) which can be represented as 2U ⊕ L(−1) such that L has 2-roots. If M = 2U ⊕ L(−1) is a 2-reflective lattice of signature (2, 13), then every lattice in the genus of L has no 2-root. It is very possible that such L does not exist. This suggests us that there might be no 2-reflective lattice of signature (2, 13). (2) Are there reflective lattices of signature (2, 21)?
By [Ess96] , there is no hyperbolic reflective lattice of signature (1, 20). In view of the relation between reflective modular forms and hyperbolic reflective lattices, we conjecture that the above question has a negative answer. By [Ess96] , U ⊕ 2E 8 ⊕ D 4 is the unique maximal hyperbolic reflective lattice of signature (1, 21). This result and Proposition 9.6 indicate that the answer may be positive. (4) Classify all 2-reflective lattices of type 2U ⊕ L(−1) satisfying that every lattice in the genus of L has no 2-root. Corresponding to Theorem 6.9, we conjecture that if the lattice 2U ⊕ L(−1) has a modular form with complete 2-divisor and L has no 2-root then L is a primitive sublattice of Leech lattice satisfying the Norm 2 condition.
(5) Classify all reflective modular forms on lattices of prime level. This question is a continuation of Scheithauer's work [Sch06, Sch17], Dittmann's result [Dit18] and our work [Wan18] . By means of the similar Jacobi forms approach, it is possible to prove the conjecture that there is no reflective lattice of prime level p when p > 23 except the scalings of unimodular lattices. We have proved this conjecture when p ≡ 3 mod 4. We hope to complete the final classification in the near future. (6) Are Borcherds products of singular weight reflective?
This question was mentioned in the introduction of [Sch17] . At present, all known Borcherds products of singular weight are reflective except some pull-backs. For example, the Borcherds modular form Φ 12 for II 2,26 = 2U ⊕ 3E 8 is a Borcherds product of Θ 3E 8 (τ, z)
∆(τ ) = q −1 + 24 + It is reflective and of singular weight. We consider the pull-back of
on the lattice 3D 8 < 3E 8 , which gives a Borcherds product of singular weight. By [Wan18, Theorem 4.7], it is not reflective. Therefore, we suggest formulating the following conjecture.
Conjecture 9.9. Let F be a Borcherds product of singular weight for a lattice M of signature (2, n) with n ≥ 3. Then there exists an even lattice M ′ such that M ′ ⊗ Q = M ⊗ Q and F can be viewed as a reflective modular form for M ′ .
The first step towards this conjecture was due to Scheithauer. It is known that Φ 12 is the unique reflective modular form of singular weight for unimodular lattices. In [Sch17, Theorem 4.5], Scheithauer proved that Φ 12 is the unique Borcherds product of singular weight for unimodular lattices. This means that the above conjecture is true for unimodular lattices. Besides, in [DHS15, OS18] the authors gave a classification of Borcherds products of singular weight on simple lattices. All Borcherds products of singular weight in their papers are reflective, which aslo supports the conjecture.
